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1 Gravitational time dilation [M] [H]
1.1 Definition in Lorentzian manifolds (1,3) [H]
After setting a coordinate system ccc = ciuuui in a region of spacetime devoid of any coordinate singular-
ity respect to ccc, in order to calculate the gravitational time dilation between two physical observers x
and y with infinitesimal displacement vectors dxjuuuj and dykuuuk respectively, the first operation to be
performed is to parameterize the spacelike components {dx1, dx2, dx3} in function of the timelike one
dx0 = dy0 through the vector (1, ω1, ω2, ω3)dx0 | dxj = ωjdx0 (same for y). Of course this choice is
always possible since the chart describing the aforementioned region is unique. Once you do so, make
sure the displacement vectors are both timelike i.e. ds2

x = gµν dx
µdxν = gµν ω

µων(dx0)2 < 0 (same
for y); this is a fundamental step since the strong equivalence principle (SEP) guarantees the identity
(less than a sign −) between the differential arc length ds and the proper time dτ and, at the same
time, the negative quadratic norm implies the non-divergence of the Lorentz factor [15, 16]. Now we can
calculate the gravitational time dilation parameter T through the ratio of x and y proper times as follows:

T (cccx, cccy) =
dsx
dsy

(cccx, cccy) =

√
gµν ωµων

gαβ wαwβ
(cccx, cccy) =

||ωωω||g
||www||g

(cccx, cccy).

We observe that the T depends exclusively on the ratio of the norms of the “coordinates velocity” vectors.
Let’s discuss the possible cases:

1. T ∈ ]0 ; 1[ ⇐⇒ time for x “runs slower” than for y;

2. T = 1 ⇐⇒ there’s no “time” difference between x and y;

3. T ∈ ]1 ; +∞[ ⇐⇒ time for x “runs faster” than for y.

1.2 Kerr black hole ergosphere [M] [H]
Consider the Kerr metric in Boyer-Lindquist coordinates (t, r, θ, φ) [12]:

ds2 = −
(

1− 2M

Σ
r
)
dt2 +

Σ

∆
dr2 + Σ dθ2 + sin2 θ

(
r2 + a2 +

2Ma2

Σ
r sin2 θ

)
dφ2 − 4Ma

Σ
r sin2 θ dtdφ
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with:
Σ = Σ(r, θ) = r2 + a2 cos2 θ, ∆ = ∆(r) = r2 − 2Mr + a2.

Usually, the Kerr black hole ergosphere is defined as the Kerr spacetime infinite redshift hypersurface.
To derive it, we suppose the presence of a first static observer x located very far from the black hole such
that gµν ∼ ηµν , and of a second static observer y located on the hypersurface that cancels the term g00

(ergosphere) [6]. In doing so, two critical problems arise: the first is that the black hole frame dragging
effect prevents static observers on the ergosphere; the second one consists in the fact that, being the
ergoregion causally connected in both directions (ingoing and outgoing), the observer y could cross the
ergosphere, experience an infinite time dilation with x and then return to x in a finite time [6].

Figure 1: Kerr black hole remarkable hypersurfaces in cartesian coordinates [18].

Of course this is not possible. In fact, the vector (1, 0, 0, 0) has null norm on the ergosphere i.e. only
light can be static [1, 6]. Hence the only sensible operation is to take into account the frame dragging
by inserting an ω angular velocity for the observer y. For simplicity we will place the angular coordinate
θ = π

2 | dθ = 0 =⇒ re = 2M | dr = 0 where re is the ergosphere radius, constraining the motion of y
along its equator. Here we get the following quadratic line element:

ds2 = (4M2 + 2a2) dφ2 − 2a dtdφ.

Since we are interested in the timelike configurations we will get, replacing dφ = ωdt, the following in-
equality:

ω[(2M2 + a2)ω − a] < 0 ⇐⇒ ω ∈
]
0 ;

a

2M2 + a2

[
.
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Now that we have found an admissible speed range, everything makes more sense, since the time dilation
becomes

T =
[
2ω
(
a− (2M2 + a2)ω

)]−1/2

< +∞;

thus, having found at least one permissible configuration, the problems of causal connection disappear.
Therefore we can redefine the ergosphere like the spacelike hypersurface in which the frame dragging
effect becomes inevitable.

1.3 Infinite redshift surfaces [M]

Infinite redshift hypersurfaces, intended as physical/topological regions in which redshift and time dila-
tion are infinite, don’t exist in General Relativity as they are prohibited by SEP; in fact the geodesics of a
physical observer must be timelike, preventing ||www||g(cccy) = 0 i.e. T = +∞. The misunderstanding arises
from the fact that, for convenience, to calculate the time dilation one wants to use two static observers;
but, since on such hypersurfaces only light can be static, the ds2 goes to 0 generating this divergence.
Certainly, they can exist as ”boundary regions” in which, for each of its point P , it’s possible to find
the supremum of the dilation T̃ = +∞ as the limit for g00(P ) → 0 i.e. for an observer who approaches
asymptotically to the speed of light (in the opposite direction of frame dragging) [11].

2 Coordinates meaning [C] [M]

To fix a coordinate system means to number each point of spacetime manifold unequivocally, neatly and
arbitrarily; ergo, in general, they have no direct physical meaning [3]. The only case in which they do, is
when they return a differential arc lenght identical to the minkowskian one. For example in Schwarzschild
and Kerr spacetimes, asymptotically (when r → +∞) this is true [6]. When this is not possible we must
limit ourselves to measuring physical quantities, such as the ds2.

2.1 Schwarzschild spacetime

Event horizon and space and time exchange [M]

Let’s quickly analyze Schwarzschild spacetime using the appropriate coordinates(1); we have 3 cases [5, 14]:

1. r > 2M =⇒ ds2 = −
(

1− 2M

r

)
dt2 +

1

1− 2M
r

dr2 + r2dΩ2;

2. r = 2M =⇒ ds2 =
16M2

e
(−dT 2 + dX2) + 4M2dΩ2;

3. 0 <
¯
t < 2M =⇒ ds2 =

1

1− 2M

¯
t

d
¯
t2 −

(
1− 2M

¯
t

)
d
¯
r2 +

¯
t2d

¯
Ω2.

It is true - in some ways that within the horizon there is an exchange of coordinates, but these are not
“space” and “time” but the timelike and the spacelike coordinates. The most correct way to say this is
that, in Schwarzschild coordinates, there are two distinct and independent coordinate charts, which are
(t, r, θ, φ) for the exterior region and (

¯
t,

¯
r,

¯
θ,

¯
φ) for the interior region.

(1)except for r=2M where we will use Kruskal-Szekeres coordinates, we will use Schwarzschild coordinates.
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Stationarity and staticity [M]

The question is simple: Schwarzschild spacetime is static only in the exterior region. To prove this we
consider the fact that static =⇒ stationary, and that a region of spacetime is said to be stationary in
these 3 equivalent cases [9, 10, 20]:

1. a timelike Killing vector field exists in it;

2. there’s a coordinate system for which the metric tensor is timelike coordinate independent in it;

3. stationary observers can exist in it.

Since in the inner region the hypersurfaces
¯
t = constant have a timelike normal vector, every physical

object inside the event horizon is forced to move towards the singularity located at
¯
t = 0 i.e. the inner

region is not stationary (we could have proceeded by verifying the other two conditions, but this one is
very important as it demonstrates the inexorable approach to the curvature spacelike singularity) [5]. In
some texts it is customary to say that within the event horizon, the Killing vector ∂t becomes spacelike
iff spacetime is no longer static; this interpretation is fundamentally erroneous since the Killing vector ∂t
becomes the Killing vector ∂

¯
r inside the event horizon i.e. the Killing vector ∂t is no longer defined with

the new chart.

2.2 Energy conservation [C]
We know from Noether’s theorem, that a timelike Killing vector is biunivocally linked to energy conserva-
tion iff timelike simmetries exist [13, 17]; we also know that in every non-stationary region of a spacetime,
there is no timelike Killing vector i.e. energy is not conserved anymore: “it changes because spacetime
does”[4]. However, considering the four-vector energy-momentum (E, p1, p2, p3) it is clear that the en-
ergy thus defined is coordinate dependent; and although these coordinates are expressed with respect to a
Minkowskian “physical” coordinate system, in general relativity, if a mathematical object wants to have
physical meaning, it must first be invariant and covariant i.e. a tensor [19]. In this sense, the tensorial
generalization of this four-vector is the so called energy-momentum stress tensor, which is “conserved”
according to the local relation

∇µTµν = 0

given by the Bianchi identities. If we were doing special relativity, the divergence of the energy-momentum
stress tensor would be adequate to establish energy-momentum conservation; but in general relativity
it is not(2). In fact, in a curved spacetime without specific simmetries, this differential law leads to
a non-integrable form i.e. there is no global conservation of the energy-momentum stress tensor [8].

Some authors have defined an energy-momentum stress pseudo-tensor tjki which is conserved solely in
a particular coordinate system; this should describe energy density of the gravity field itself, and it’s
compatible with interesting theories like the “zero total energy” theory(3)[7, 8]. Nevertheless, for the
considerations made above, this quantity does not indicate anything physical, leaving this “problem”
totally open [2].

2.3 Could an observer cross the event horizon at v = c? [M]

The anwser is very short: no. Timelike geodesics always remain timelike because of SEP and this is
clearly true for every black hole.

(2)unless we have a specific class of Killing vector field.
(3)it works through energy exchanges between matter (positive energy) and spacetime itself (gravitational negative energy).
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timento di Fisica, Università degli studi di Roma “Sapienza” (2011).
http://www.roma1.infn.it/teongrav/leonardo/bh/bhcap12.pdf

[6] Ferrari V. and Gualtieri L. BLACK HOLES IN GENERAL RELATIVITY, chapter 3, p.40, p.52-54.
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Physics & Astron., Univ. of Missouri, Columbia, MO 65211, USA (7 March 2015).
https://arxiv.org/pdf/1503.02172.pdf

[12] Hirata C.M. Lecture XXVI: Kerr black holes: I. Metric structure and regularity of particle orbits,
p.1. Caltech M/C 350-17, Pasadena CA 91125, USA (February 22, 2012).
http://www.tapir.caltech.edu/~chirata/ph236/2011-12/lec26.pdf

[13] Kleinert H. Particles and Quantum Fields, chapter 8 - p.622-624. Freie Universität Berlin.
http://users.physik.fu-berlin.de/~kleinert/b6/psfiles/Chapter-7-conslaw.pdf

[14] Mitra A. Kruskal Coordinates and Mass of Schwarzschild Black Holes, p.2. Theoretical Physics
Division, Bhabha Atomic Research Center, Mumbai-400085, India (December 2012).
https://core.ac.uk/download/pdf/25257605.pdf

5

http://gravity.psu.edu/local/internal/blackholes_2012.pdf
https://arxiv.org/ftp/arxiv/papers/0809/0809.2323.pdf
https://arxiv.org/pdf/0809.1452.pdf
https://www.preposterousuniverse.com/blog/2010/02/22/energy-is-not-conserved/
http://www.roma1.infn.it/teongrav/leonardo/bh/bhcap12.pdf
http://www.roma1.infn.it/teongrav/leonardo/bh/bhcap3.pdf
https://www.astrosociety.org/publication/a-universe-from-nothing/
https://arxiv.org/pdf/gr-qc/9701028.pdf
https://arxiv.org/pdf/1412.7742.pdf
https://yale.learningu.org/download/2edd46dc-7ff5-4084-8161-5b5328974fa0/E2143_The%20Large-Scale%20Structure%20of%20Spacetime%20(1973)%20-%20Hawking,%20Ellis.pdf
https://yale.learningu.org/download/2edd46dc-7ff5-4084-8161-5b5328974fa0/E2143_The%20Large-Scale%20Structure%20of%20Spacetime%20(1973)%20-%20Hawking,%20Ellis.pdf
https://arxiv.org/pdf/1503.02172.pdf
http://www.tapir.caltech.edu/~chirata/ph236/2011-12/lec26.pdf
http://users.physik.fu-berlin.de/~kleinert/b6/psfiles/Chapter-7-conslaw.pdf
https://core.ac.uk/download/pdf/25257605.pdf


[15] Pe’er A. The principle of equivalence and its consequences, p.2. (January 28, 2014).
http://www.physics.ucc.ie/apeer/PY4112/Equivalence.pdf

[16] Pe’er A. Physics in flat space-time: Special relativity, p.18. (September 18, 2017).
http://www.physics.ucc.ie/apeer/PY4112/SR.pdf

[17] Thompson, W.J. Angular Momentum: an illustrated guide to rotational symmetries for physical
systems, p.5. (May 16, 1994). ISBN: 0-471-55264-X
https://onlinelibrary.wiley.com/doi/book/10.1002/9783527617821

[18] Visser M. The Kerr spacetime: A brief introduction, p.35. School of Mathematics, Statistics, and
Computer Science, Victoria University of Wellington, PO Box 600, Wellington, New Zealand (Febru-
ary 1, 2008).
https://arxiv.org/pdf/0706.0622.pdf

[19] Weiss M. Is Energy Conserved in General Relativity? (2017).
http://math.ucr.edu/home/baez/physics/Relativity/GR/energy_gr.html

[20] Yoo C.M. Notes on Spinoptics in a Stationary Spacetime, p.2-3. Yukawa Institute for Theoretical
Physics, Kyoto University, Kyoto 606-8502, Japan (Semptember 11, 2012).
https://arxiv.org/pdf/1207.6833.pdf

RESEARCH AND DISCLOSURE DIVISION
Via Moro Aldo 5 - 25124 Brescia, Italy

6

http://www.physics.ucc.ie/apeer/PY4112/Equivalence.pdf
http://www.physics.ucc.ie/apeer/PY4112/SR.pdf
https://onlinelibrary.wiley.com/doi/book/10.1002/9783527617821
https://arxiv.org/pdf/0706.0622.pdf
http://math.ucr.edu/home/baez/physics/Relativity/GR/energy_gr.html
https://arxiv.org/pdf/1207.6833.pdf

	Gravitational time dilation [M] [H]
	Definition in Lorentzian manifolds (1,3) [H]
	Kerr black hole ergosphere [M] [H]
	Infinite redshift surfaces [M]

	Coordinates meaning [C] [M]
	Schwarzschild spacetime
	Energy conservation [C]
	Could an observer cross the event horizon at v=c? [M]


